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Abstract 

In this work we consider the differential equation 

- y'{x) + q{x)y{x) = f{x), x e R, (1) 

where / G Lp{R), p e [1, oo] {Loo{R) := C{R)) and < g G L["^{R). 
The equation ([1]) is called correctly solvable in the given space Lp{R) 
if for any / G Lp{R) there is a unique solution y £ Lp{R) and the 
following inequality 

\\y\\p < c{p)\\f\\p, for all feLp{R), 

holds with absolute constant c{p) £ (0,oo). We find a criterion for 
correct solvability of the above equation in space Lp{R) and study the 
asymptotic properties of its solutions. 
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1 Introduction 



1.1 Basic definitions and preliminaries 



Below we consider the differential equation 



y'{x) + q{x)y{x) 



f{x), X e R, 



(1.1) 



where 



/ G Lp{R), p e [l,oo] 



{L^{R) := C{R)), 



and 



0<qe L[°%R). 



(1.2) 



As a solution of equation fll.ip we assume any absolutely continuous func- 
tion y that satisfies (11. ip almost everywhere on R. We need the following 
definition: 

Definition 1.1. We call the equation (II. ID correctly solvable in the given 
space Lp{R) if the following two assertions hold ( fTS[ ch.III, 6.2]): 

I) for any f G Lp{R), the equation (II. ID has a unique solution y G Lp{R); 

II) the solution y G Lp{R) of equation (11.10 satisfies the inequality 



where c{p) is an absolute positive constant. 

We note that instead of "correct solvability" other equivalent terms also 
are used (see [201 ch.5, §50-51]). 

Throughout the paper in accordance with I)-II), we denote by the symbol 
y only a solution of equation (II. ip that belongs to Lp{R). 

In what follows, c, c(-), Ci, C2, ... stand for absolute positive constants, 
which are not essential for exposition and may differ even within a single 
chain of calculations. 

The equation (II. ip was considered in papers [H E], [3] in connection with 
studying of the singular boundary value problem 



< c(p)||/||p, for all f e Lp{R), 



y\x) + q{x)y{x) = f{x), x e R, 



(1.3) 



lim y{x) = 0. 



(1.4) 



x — >oo 



In particular, the following result was obtained in P: 
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Theorem 1.2. [JLJ Let p G [1, oo). The boundary value problem fll.3l) - fll.4p is 
correctly solvable in space Lp{R) if and only if there is a E (0, oo) such that 

qoia) > 0, qoio-) = inf / q{t)dt. (1.5) 



xeR^^ 

In addition, the problem fll.3p -( IT74|) is correctly solvable in C{R) if and only if 



px+a 

lim / q{t) dt = oo, for all aG(0, oo). 



(1.6) 



Moreover, as shown in a criterion for correct solvability in space Lp{R), 
p G [1, oo] of the boundary value problem fll.3p - fll.4l) can be stated in terms 
of some auxiliary function q* of coefficient q. Therefore, let us now introduce 
this function. For this we temporarily assume that in addition to condition 
fll.2p we have ||g||i = oo. Then for any given x G -R, we define a function 



px+d 

d{x) = m{ \d: / q{t)dt = 2\. (1.7) 

J x—d 



d>0 



It is clear that the function d{x) is defined correctly. (The function d{x) was 
first used in [2] ) • Now set q* (x) = . Then the following Theorem 11.31 
provides a criterion for correct solvability in space Lp{R),p G [1, oo] of the 
boundary value problem f ll.3p -( |L4|) stated in terms of the function q*: 



Theorem 1.3. [T] Let p G [l,oo). The boundary value problem (11. 30 - 01. 4p 

is correctly solvable in space Lp{R) if and only if the following two conditions 
hold: 



/O poo 
q{t)dt = I q{t)dt = oo, 
Jo 



7 =^ inf q*{x) > (or supd{x) < oo). (1.9) 
In addition, the problem fll.3p -f fL^ is correctly solvable in C{R) if and only 

q*{x) ^ oo as |a;| ^ oo (or d{x) — > as |x| oo). (1-10) 

In connection with condition (11. 6p of Theorem 11.21 and condition fll.lOp 
of Theorem 11.31 we note the following statement: 

Lemma 1.4. The condition (11.60 and the following condition (II. lip are 
equivalent. 

lim d{x) = (1.11) 

|a;|— >oo 

Let us now introduce our goals and results. 
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1.2 Problem A — Conditions for correct solvability of 
a first order linear diff^erential equation 

Our main goal is to establish a criterion for correct solvability in space 
Lp{R), p G [1,00] of equation fll.ll) without requirement (11.41) . We obtained 
the following result: 

Theorem 1.5. Let p G [l,oo]. The equation (11.11) is correctly solvable 

in space Lp{R) if and only if condition (II. 5p holds. 

In particular, only one of the assertions A) and B) holds: 

A) for all p G [1,00], the equation (11.11) is correctly solvable in Lp{R); 

B) for all p G [1, 00], the equation (11.11) is not correctly solvable in Lp{R). 
In addition, the solution y G Lp{R) of equation (11.11) is of the form: 



In connection with Theorem 11.51 see [TU] . 

Let us briefly comment on the above statement. Theorem 11.51 shows that 
in case of equation (11.11) for the spaces with integral metric in the classical 
bundle "equation - space - boundary conditions" , the last element is mean- 
ingless. Existence, uniqueness, and boundedness of solution for equation 
(11.11) in space Lp{R), p G [1, cxo] is entirely defined by "equation - space". 
Thereby, the boundary conditions for the correctly solvable equation (II. ip 
in space Lp{R), p G [1, 00) are not of importance because according to The- 
orem [L2] they hold automatically, i.e., with no additional assumptions. (It 
is quite possible that this is the reason why in the problem (ll.3p -( n~4l) the 
number of boundary conditions is greater than the order of equation.) From 
the given theorems, it also follows that for equation (II. ip a transition from 
integral metric to the uniform metric makes the boundary value conditions 
of significant importance: the solution of correctly solvable equation (II. ip 
in the space C{R) satisfies (II. 4p regardless of / G C{R) only if (ll.6p holds, 
which is stronger than (II. 5p . 

Corollary 1.6. Suppose that condition (ll.5p holds. Then solution y G 
Lp{R), p G [1,cxd) of equation (II. ip satisfies the inequality 




(1.12) 



where 




(1.13) 



q'^^yWp < c\\f\\p, for all f G Lp{R). 



(1.14) 
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Corollary 1.7. Suppose that condition (ll.Sp holds. Then equation fll.ip is 
separable in the space Li{R), i.e., the solution y G Li{R) of equation (ll.ip 
satisfies the inequality 



Remark 1.8. The way we obtain (11.141) and fll.lSp is the same as in [T] 
and therefore, is not given here. The problem of separability of differential 
equations was first studied in [THlIin]- For detailed analysis of condition (11. 5p 
and examples, see [1]. 

Example 1.9. Let 



Then equation (II. ID is correctly solvable in space Lp{R), p G [l,oo]. 

Now we would like to study the properties of solutions y G Lp{R),p G [1, oo] 
of equation (II. ip . especially their behavior in infinity. By difficulty of integral 
representation of solution y, its asymptotic behavior is of a practical interest. 

Remark 1.10. For all problems stated below we assume permanently that 
condition (11.50 holds, i. e. the equation (II. ID is correctly solvable in the given 
space Lp{R), p E [l,oo]. 

1.3 Problem B — The asymptotic majorant of solutions 
for a linear differential equation of a first order 

For our next problem, we denote by Dp the set of all solutions y G Lp{R) of 
equation (II. ID with right side / which belongs to the unit sphere Sp = {f E 
Lp{R) : II/IIp = 1} in space Lp{R), p G [1, oo], i.e. 



Dp={y: -y'{x) + q{x)y{x) = f{x), y G Lp{R), \\f\\p = 1 }. (1.16) 



We need the following definition: 

Definition 1.11. Let equation (II. ID be correctly solvable in the given space 
Lp{R), p G [1, oo]. A continuous and positive (for all x E R) function >Cp{x) 
is called the asymptotic majorant for the set of solutions Dp of equation (II. ip . 
if the following relation holds: 



y'\\i + \\qy\\i < 3||/||i, for all f E L,{R). 



(1.15) 



q{x) = e"^ + e"^ cose^ , x E R. 



lim 

|a;|^oo 



sup^gpg |y(^)l 

Xp(x) 



1. 



(1.17) 
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Our goal here is for fixed p G [1,cxd] to find an asymptotic majorant 
Xp for the set of solutions Dp for correctly solvable equation (11. ip in space 
Lp{R) (further we will say shortly "asymptotic majorant of solutions"). We 
note that a problem of asymptotic majorant was studied in [7] for the Sturm- 
Liouville equation. For equation (11. ip this problem is studied for the first time 
here. We note that we widely use methods proposed in [7\. In particular, as in 
[7], we primarily find asymptotic estimates for one class of definite integrals 
(see below §3.HI3.2p and then use known facts about general properties of 
linear functionals defined in spaces Lp{R) (see §3.3p . 

Let us now note that the function 

Gp{x) = sup \yix)\ (1.18) 

is, obviously, an asymptotic majorant of solutions y G Dp. Nevertheless, this 
formula does not solve the problem stated above because it represents the 
asymptotic majorant of solutions in implicit form. Our goal, however, is to 
find an explicit form for the function Xp(a;),p G [1, C)o] from definition 11.111 
Thus, our result is the following Theorem 11.121 

Theorem 1.12. [ §3.3j Let condition (\1.2\] forq hold. Suppose that there exist 
an absolutely continuous function qi{x) > and a function q2 G L^{"^{R) such 
that 

q{x) = qi{x) + q2{x), xeR 

Let there exist a continuous and positive for all x & R function s{x) such 
that the following conditions hold: 



a) 

s(x) ^ oo as \x\ oo, 



b) 



1 j^^^ii \x\:$>i, 



s{x) qfix) 
c) 

lim ^ = 0, 

\x\^co xqi[x) 

d) for some G [1, oo) the inequalities hold: 

1 sit) ^ , , , , 

- < ^ < z^, te Ax, X > 1, 

1/ s[x) 
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where 

A(x) = [a-(x), A+(x) 



s{x) s{x) 

OC ~, r~ « iXj I ~ \ 



X E R, 



where 



Kix) ^0 as \x\ — > cxD, 



x(x) = sup X E R, 

t€A{x) 



X 



Then forp G [1, oo] the asymptotic majorant Xp(x) for solutions y G Dp 

Dp={y: -y'{x) + q{x)y{x) = f{x), y G Lp{R), \\f\\p = 1 }, 
is of the form: 



1, 



Xp{x) = < 



{p'y/p' qiixyip" 
1 



qi{x) 



p = 1, X E R, 
p E (l,oo), p' = |x| > 1, 

p = oo, \x\ S> 1. 



Example 1.13. Let 



q{x) = + cose^ , x G -R. 
Lei >Cp{x) he the asymptotic majorant of solutions for equation fll.ll) . T/ien 



1 



1 



Kp[X) = < 



p = 1, X E R, 
, .^2/„,, P e (l,oo), |x| > 1, 

p = oo, \x\ ^ 1. 



1.4 Problem C — Sharp by order two-sided estimates 
of asymptotic majorant >Cp{x) of solutions from the 

set Dp 

In Problem B ( §1.3p we have seen that there are quite a lot of requirements 
for the function q, and finding the asymptotic majorant of solutions could 
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be rather difficult task. In those cases we can find estimates for asymptotic 
majorant itself. Of course, such estimates are less precise, but it is natural 
to expect that in such case the requirements for the function q will be less 
strong than in Theorem II. 121 We note primarily that from correct solvability 
in space Lp{R),p e [l,oo] of equation (11. ip it follows that = oo (see 
Theorem 11.51) . Therefore, the function 

rx+d 

d{x) = M \d: q{t)dt = 2\, xeR 

is defined correctly (see (I1.7P in §l.ip . 

The following Theorem 11.141 contains sharp by order two-sided estimates 
of the function Gp{x) (see (11.181) ) in terms of the function d. 

Theorem 1.14. [§4] Let there exist a > 1 and (3 > such that for all\x\ ^ 1 
the inequality holds: 

1 d(t) , , ^ . X 

Then for p E (1, oo] there exist c, c{p) G (0, oo) such that for all x E R the 
inequalities hold: 

c-'d{xY^P' < Gp{x) < c{p)d{xf'P'. (1.20) 



I. 5 Problem D — A problem of the e-strip 

We continue to study the asymptotic behavior of solutions y G Lp{R), p G 
[1, oo] of equation (11.11) . For this purpose let us shortly comment on Theorem 

II. 141 (see §1.4p . Suppose that in addition to conditions of this theorem the 
function d{x) — > as \x\ —>■ oo. Then because of (ll.20p the solutions y E Dp 
of equation (ll.ip tend to zero as |x| — oo uniformly regardless their choice 
in the set Dp. Indeed, the equality 

lim d{x) = (1.21) 

|a;|^oo 

means that for any e > there exists xq = XQ{e) such that for |a;| > xo{s) 
the following relations (c is a constant from (ll.20p ) hold: 



dixy/p' < ^ 



5 

c 



sup \y{x) \ = Gp{x) < cd{xf''p' < e. 
Thereby, we introduce the following definition: 
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Definition 1.15. We say that solutions of equation (11. ip tend in whole to 
zero as \x\ oo if for any e > there exists Xq = Xo{e) ^ 1 such that for 
all \x\ > Xo the inequality holds: 

\y{x)\ < e for all y G Dp, 

i.e. for |x| > Xo{e) all integral curves from Dp are contained in strip 

B = { ix,y) : \y\ < e, \x\ > xo{e) } 

of the plane XOY. 

Thus, our very next goal is to find a complete answer for the following 
question: is the stated in definition [TTT5] property of solutions y & Dp follows 
from both condition (11.201) of Theorem II. 141 and condition (ll.2ip or, perhaps, 
this property is entirely defined by requirement (ll.2ip only? The solution of 
this question is provided by the following Theorem 11.161 

Theorem 1.16. Forp = 1 the solutions of equation (11. ip do not tend in 
whole to zero as \x\ — * oo. Forp G (1, oo] the solutions of equation (11.11) tend 
in whole to zero as \x\ oo if and only if one of the equivalent conditions 
dLED or (fTTT]) holds. 

1.6 Problem E — Criterion of compactness in space 
Lp{R) for resolvent of differential operator of a first 
order 

To present this problem we give some definitions. Fix p G [1, oo]. Let Hp be 
the following set: 

Hp = {yeLp: -y'{x) + q{x)y{x) = fix), ^f eLp}, 

i.e. a set comprised of solutions y G Lp{R) of equation (11.11) with right side 
/ G Lp{R). We remind that throughout below the equation (II. ip assumed 
to be correctly solvable in space Lp{R) and do not mention this requirement 
anymore. Let us denote L be a differential operator given on the set Hp-. 

d 

L = — ; — h q{X), X E R. 
dx 

Since equation (II. ip is correctly solvable, for operator L there exists an in- 
verse operator L^^. Thereby (see a definition of correct solvability) 

1) Operator is defined on entire space Lp{R); 



9 



2) Operator 



L ^ : Lp{R) Lp{R) is bounded; 



3) Operator 



operates on / G Lp{R) by the following rule: 



t 



I 

J X 



oo 



def 



f{t)dt, xe R. 



The operator L G) is the resolvent of operator L and was first considered 
in [8] in connection with condition 



In particular, in [8] the following result was obtained: 

Theorem 1.17. [8J Let condition f ll.22p hold. For fixed p G [l,C)o] the oper- 
ator L^^ : Lp{R) — > Lp{R) is compact if and only if condition (\1.6\\ holds. 

Remark 1.18. The requirement (ll.6p is called a condition of A.M.Molchanov 



Our goal here is to get a criterion of compactness of operator L^^ in our 
case, for apriori condition (11 .2^ . In addition, it would be interesting to know 
how this condition is connected to other problems that we solved. Our result 
is the following Theorem 11.191 

Theorem 1.19. [[|6] Let condition (11.21) hold. Then for fixed p G [l,cx3] the 
operator L^^ : Lp{R) — > Lp{R) is compact if and only if condition (11.61) (or 
equivalent condition (II. lip ) holds. 

Theorem 11.191 shows that for correctly solvable equation (II. ip in space 
Lp[R),p G (1, oo] the problems D and E are equivalent. 

2 Solution of Problem A 

In this section we prove Theorem 11.51 which is the main result of our work 
(see §1.2p . For convenience we remind below its statement. 

Theorem II. 5i Let p G [l,C)o]. The equation (II. ID is correctly solvable 
in space Lp{R) if and only if there is a ^ (0, oo) such that 



1 < g G L["%R). 



(1.22) 



(see [ni[l5]). 




'X+a 



(2.1) 



10 



In particular, only one of the assertions A) and B) holds: 

A) for all p G [l,C)o], the equation fll.ll) is correctly solvable in space Lp{R); 

B) for all p G [l,oo], the equation f ll.ll) is not correctly solvable in space 
LpiR). 



2.1 Proof of main result for p G [l,oo). 

Proof of Theorem II. 5i Necessity. Below in the "necessity part" of The- 
orem [T31 we assume that equation fll.ll) is correctly solvable in space Lp{R) 
for given p G [1, oo). We need the following lemmas. 

Lemma 2.1. Let y be the solution of equation fll.ll) and x > t. Then 

y{t) = y{x) exp ( - ^ q{s)ds^ + ^ /(O exp ( - g(s)rfs) d^. (2.2) 



d 



Proof. From f ll.ll) it follows 

y{i) ( - ^ q{s)ds^ = -/(O exp(^- g(s)rfs) , ^ E R. 

To obtain fl2.2p one has to integrate the last equation from t to x. □ 
Lemma 2.2. Let conditions I)-U) (see § i. il) hold for some p G [1, oo). Then 

qiOd^ = oo. (2.3) 



Proof. Assume the contrary, i.e., < oo. Let t < x = in fl2.2p . We 
obtain: 

l/(t) =1/(0) exp (-^ q(s)ds^+J^ /(O exp ( - ^^(s)rfs)rfe (2-4) 

Let /o G Lp{R) n Li(i?) and /o(0 > 0, ^ E R (for example, /o(0 = e"!^!)- 
Then there exists lim y{t). Indeed, the convergence of the first term in 

t— »— oo 

fl2.4l) is obvious. To check the convergence of the second term write it in the 
form: 

foi0^w[~J qis)ds^d^ = exp j q{s)ds^ J foiO ^^^V [ J q{s)ds'^dC 

(2.5) 
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It is clear that the first factor on the right side of fl2.5p converges by our as- 
sumption, and the second one (by the same reason) converges as an improper 
integrah 

0<£ /o(Oexp(^\(s)rfs)rfe < ell^lHl/olli < oo. 
Hence there exists A =^ hm y{t). Let us show that A = 0. Indeed, if A ^ 0, 

t— >— oo 

then it is clear that 

\A\ 

\y{t) - A| < V all ^ ^ 



and therefore, 

\y{t)\ = \y{t)-A + A\ > \A\ - \yit)-A\ 



1^1 



But from the last inequality it follows that \\y\\p = oo. Contradiction. 
With t tending to infinity in (12. 4p we obtain 

= y(0)exp(- /" q{s)ds)+ [ /o(0 exp ( - /"%(s)rfs)t/e (2.6) 

J — oo J — oo J — oo 

It is obvious that the second term in (12.61) is positive, since 

/o(Oexp(- / q{s)ds)d^ > exp ( - / q{s)ds) / foi^d^ > 0; 

-oo J ~oo J ~oo J —oo 

and therefore, (12.61) implies ?/(0) < 0. 
Now consider x > t = in (12.21) : 

q{s)ds)+ /o(Oexp(-y^ g(s)rfs)rfe- (2.7) 

Since we assumed that ||g||i < oo, from (12. 7p and by choosing /o, it easily 
follows that there exists lim y{x) and it equals to 0. Therefore, by passing 

x—*oo 

to the limit in (12.70 as x ^ oo, we obtain: 

1/(0) = m) exp ( - q{s)dsy^ > e""^"^ fo{m > 0- 

Thus, y{0) < < y{0), contradiction. And finally the equality (12.30 holds. 

□ 
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We remind that in §l.ll the following function d{x) was introduced: 



px+d 

dix) = inf {d: / qit)dt = 2). 
d>o I J^_a ) 



{2.i 



Because of fl2.3p . the function d{x) is well-defined for all x & R. 
Lemma 2.3. Denote do '= sup d{x). Then 

do < oo. 



(2.9) 



Proof. Let ^{t) e C^iR), supp ^{t) = [-1,1], i^it) = 1 for \t\ < i, 
< ip{t) < 1 for t E R, i.e., ^/'(t) is a cut-off function. Consider the function 



ft ~ X 



exp / q{i)dn, teR 



(2.10) 



for fixed x G -R. 

It is easy to see that z(t,x) is the solution of the equation 
- ^z{t,x) + q{t)z{t,x) = f{t,x), teR, 



with the right side 



f(t,x) = - exp ( / q{Od^ 



t — X 

d{x) 



(2.11) 



(2.12) 



To apply assertions I)-II) from gTHto fICTill . fl2llD and fl2J2D . we need esti- 
mates of ||/(-,x)||p and ||2;(-, x)||p. To this extent we use fl2.8p and properties 
of V(t): 



\\fi;x)\\l 



< c exp I p 



\f{t,x)fdt 

''X+d{x) 
x—d{x) 



x+d{x) 



x~d(x) 



exp i^p j qiOd^ 
2d{x) 2ce^P 



t — X 
d{x) 



dt 



d{x)P d{x)P-^ d{x)P 



-1 



ii/(-,x)ii, < cd{xr'/p\ p' 



p 



p — 1 



Similarly, we obtain an upper estimate for ||2;(-, x) ||p: 



\z{;x)\\l 



\z{t,x)\Pdt 

rx+d{x) 



x+d{x) ft 

exp ip / q{i)di 

x—d{x) Jx 



t — X 

d{x) 



(2.13) 



dt 



px+ayx) 

< exp (p / qiOdq 2d(a;) = 2e^P d{x) = cd{x) 

^ Jx-d{x) ' 
^ \\z{;x)\\p < cd{xfP. 



(2.14) 
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In addition, we can obtain a lower estimate for x) 

rx+d(x)/2 



\z{-,x) 



x-d(x)/2 



x+d{x)j2 
x-d(x)/2 



z{t,x)\Pdt > 

exp (^p / V'( 



z{t,x)\Pdt 
t — X 



d{x) 



dt 



j-x+d(x) 

> exp(-p qiOdU ■ d{x) = e'^^dix) = c~^d{x) 

^ Jx-d(x) ' 



-d{x) 

\zi-,x)\\p > c-^d{xf'P. 



(2.15) 



Since d{x) G (0, oo) for every x e R (see (OD), the relations (12AT1) - ( 127751) 
and I)-II) yield: 

c-H{xY'^ < \\z{-,x)\\, < c(p)||/(-,x)||, < cd{x)-^l^' 
=^ d{x) < c, X E R =^ do = sup d{x) < c < oo. 



xeR 



□ 



From (12.91) we obtain (12.11) with a = d^: 

"X+do 



px+ao i'X+d{x) 

Qoido) = inf / qiOd^ > inf / qi^d^ = 2. 

^(^RJx-do ""^^Jx-dix) 

Proof of Theorem 11.51 Sufficiency. Let (12.11) hold. Then 

/O poo 
q{t)dt = oo, / q{t)dt = oo. 

-oo Jo 



(2.16) 



The equalities (I2.16P can be checked in a similar way. Let us check the second 
one: 



POO °° j>2(k+l)a 

/ q{t)dt = J2 / lit)dt > J2 



go (a) = oo. 



From (12.11) by Theorem II. 2 [ we obtain that in the space Lp{R) for p G [1, oo) 
the boundary value problem (ll.3p -( |OI) is correctly solvable. Let y be its 
solution. Then (II. ip has no other solutions in Lp{R). Indeed, if z is another 
solution of equation (11.11) . z y and z G Lp{R), then 



h{x) =^ y{x) — z{x) G Lp{R). 

- y'{x) + q{x)y{x) = f{x), x e R, 

— z'{x) + q{x)z{x) = f{x), X E R, 



In addition, 
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yield 



( 



h{x) = cexp 



X e R. 



(2.17) 



But from (12X7]) and (I2J6D it follows that h e Lp{R) only for c = and 
therefore y{x) = z{x), x G -R, contradiction. By Theorem 11.21 we obtain the 
statement of Theorem 11.51 In addition, since criterion fl2.ip does not depend 
on p G [1, oo), only one of the statements A) or B) of Theorem ll.5l is true. □ 

2.2 Proof of main result for ^ = oo. 

Proof of Theorem ll.SL Necessity. Let equation (11.11) be correctly solvable 
in C{R). Then equality (12. 3p holds. Indeed, if on the contrary 



then let y G C{R) be a solution of equation (11.11) with / G C{R). Then the 
function 



^ Jo ' 

is also a solution of equation (11.11) and z G C{R), which contradicts I) (see 
§1.11) . and therefore (12.31) holds. Let us check that do < oo (see (12.91) ). Below 
we will use (12.101) . (12.111) and (12.121) from Lemma [231 We need the following 
estimates of \\f{-,x)\\c{R) and \\z{-,x)\\c(Ry. 






(2.18) 




(2.19) 



In addition. 




(2.20) 
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Since d{x) e (0,oo) foi x e R (see (OD), by fimD - fl^3^ . fl^TTSD - flCTD . 
I)-II) (see gn]) and fCTI|) . we obtain: 



< Mx)\\ciR) < c||/(x)l|c(ii) < 



c 



(i(x) 



=^ d{x) < c, X E R =^ do = sup d{x) < c < oo. 

But then (EH) holds because go(c?o) > 2 (see g2ll]). 

Proof of Theorem II. 5i Sufficiency. Let qo{a) > for some a G (0, oo). 
Then 

Jo = sup J(x) < oo, J{x) = / exp - / q{^)dndt, xeR. (2.21) 
Indeed, f l2.2ip holds because of the following relations: 
J{x) = I exp(- /" q{i)di)dt 

Jx Jx 

= / exp(- / g(Orfnrft + 5Z / exp(- / g(Oc?gc?i 

^ Jx ^ Jx+2ka ^ Jx ' 

< 2a + ^2aexp( - / ^(0^^ 
fc=i ^ -'x 

oo 

< 2a + 2a^e-*'('')(^~^) = 2a + 2a(l - e^*'^''))^^ < oo. 
fc=i 

Let / G C{R). Then it is obvious that the function 

y{x)= j expf-[q{Od^)f{t)dt, x e R, (2.22) 

^X J X 

is the solution of equation (11. ip . and 

||l/||c(R) < ||/||c(H) sup J{x) = Jo WfWciR). (2.23) 

x£R 

Under these conditions, the general solution Y{x) of the equation (II. ip is 
of the form (see (^Tm and I^JT^) 

Y{x) = y{x) + h{x), X E R; 

and therefore, according to (12.230 and (12. 3p . we obtain Y{x) G C{R) only 
when h{x) = 0, x E R. Finally, statements I)-II) from §1.11 hold. □ 
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2.3 Example 
Example 2.4. Let 

q[x) = e""' + e""' cose'^', x e R. (2.24) 
Then equation (11.11) is correctly solvable in space Lp{R), p G [l,oo]. 

Proof. Throughout below we denote 

2 2 2 

qi{x) = , ^2(3;) = cose^ , x G R. 
Let X ^ 1. Consider the integral 

H{x)= / {qi{t) + q2it))dt= / gi(t)rft+ / q2it)dt, x e R. 

J x~l J x—1 J x—1 



Denote 



x+l 



x+l 



Hi{x) := / qiit)dt, H2ix) := / q2it)dt. 

Jx~l Jx~l 

Let us find estimates for Hi{x) and H2{x), x ^ 1. We have: 



Hi{x) 



x+l 



x-l 
x+l 

x-l 



x-l 2t 2t 



x+l 1 



,(X-1)2 



~2t^)^ ^~ 2{x + l)~ 2{x - 1) 



x+l 



e* rft > 

x—1 J x—1 

> 



x+l , 1 p(:r+l)2 



Hence, 



2(x+ 1) L 



Hi(x) > 



2tV 
1 - 2e-^^ 



2(x + l) 

e 



x + l 
( 

x — 1 



-4x 



(x+l)2 



> 



4(x+ 1)' 



4(x + l)^ 



Consider now H2{x), x ^ 1: 



Ho(x) 



x+l 



e cos e dt 



x-l 



X > 1. 



"^"^^ d sin e*^ 
x-l 2t 



sm e 



2t 



"""^^ sin e* 



x+l 1 

x-l 2 ./x-l 
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H2(x) <-( + 

^ ' - 2\x+l x-1 



1/1 1 
< - I + 



x+l 



Sine 



-1 



■dt 



x+l 



dt 1 
— < 



+ 



2 \x + l x-lj 2 J^_^ t"^ ~ x + l x-l 



Hence, 



For X ^ 1 we find: 



x + l 



Ho(x) < 



x+l 

X — 1 



< 



x+ r 



x + l 



X > 1. 



H{x) 



x+l 



q{t)dt = Hi{x) + H2{x) 



x-l 



H,{x) [I + H2ix)H^\x)] > H,{x) [I - \H2{x)\H^\ 



X 



> HAx) 



^ 4(x + l) 

X + 1 ' e(^+i)' 



HAx) 



1 _ i6e-("+i)' 



Thus, there exists Xq ^ 1 such that 

if (x) > 1, X > Xq. 
Note here that the function q is even and we get finally: 

H{x) > 1, |x| > Xq. (2.25) 
Now consider the function H{x) for x G [— xo,xo]. Let a = 2xo + 2. Then 

X — a<Xo — a = —Xq — 2 

X + a > — Xq + a = Xq + 2 



[-Xo - 2, -xo] U [xo, Xo + 2] C [x - a, x + a] 



(2.26) 



From (IZ^ and (IZ^ it follows that 



q{t)dt > 



-XQ rxo+2 

q{t)dt+ / q{t)dt 

-xo~2 J XQ 

{-xo~l)+l Mxo+l)+l 

q{t)dt+ / q{t)dt 

{-xo-l)-l J(xa+l)-l 

H{-xo-l) + H{xq + 1) > 2. 



(2.27) 
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At the same time, for |x| < a^o from fl2.25p and by choosing a = 2xo + 2 it 
easily follows that 



px+a 

/ q{t)dt>2, xe[-Xo,Xo]. (2.28) 

J x—a 



Thus, by f l2.25p . fl2.27p and (12.280 we conclude that there exists a > such 
that 

cx+a 

q{t)dt > 2, xeR. 

Then the equation (II. ip is correctly solvable in space Lp{R), p E [l,oo]hj 
Theorem 11.51 

3 Solution of Problem B 

3.1 Sharp by order estimates for one class of definite 
integrals 

In this section we consider the integral 



oo 



7/ N / -Sl(Ode 

J[x) = e ^ dt, X G R, 



with non-negative locally integrated function q. Our goal is to find sharp by 
order two-sided estimates for the function J. In particular, below we prove 
the following statement: 

Theorem 3.1. Let condition (11.20 for q hold. Suppose that there exist an 
absolutely continuous function qi{x) > and a function q2 G V-°'^{R) such 
that 

q{x) = qi{x) + q2{x), x E R. 

Let there exist a continuous and positive for all x E R function s{x) such 
that the following conditions hold: 

a) 

s(x) ^ oo as \x\ oo, 



b) 



1 > for all \x\ > 1, 

s[x) qfix) 
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c) 



six) 

lim \\ = 0, 



\x\^oo xqi{x) 
d) for some v G [1, oo) the inequalities hold. 



- < ^ te Ax, X > 1, 

u six) 



where 

A{x) = [A-(x), A+( 



X 



six) six) 
X ^ ^ X H 



X e K 



where 



xq = sup \ >i[x)\ < oo, 



= sup |x(t)|, 

teA{a;) 

x(t) = gi(t) £ ^de, t e A(x), X e i?. 



r/ien the following estimates hold: 

-1 



^ < ^(x) < xe R. 



qi{x) 



qi{x) 



(3.1) 



Proof. Let x G -R. Denote by {finjj^^ segments of the real axis such that 

s(Xn) 



■5 (■^n) 



, n > 1, 



Xi = X. 

From (I32D it follows: 



. V ^ - ^' 



(3.2) 



(3.3) 



y = [x, oo) 

n=l 

Indeed, if (13.31) does not hold, then there exists z G (x, oo) such that 

fi+ = fi+(x„)<2, n>l. (3.4) 
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Then, obviously, Xn <zforn> 1. Since a sequence {xn}'^=i is monotonically 
ascending (by construction) and bounded, it has a hmit Xq G {x, z] . Note 
here that and yield: 

OO OO / N 

n=l n=l ^1^^"^ 

= lim ^^"^"^ - '^^^^^ 



contradiction, because functions s and qi are positive. Hence, fl3.3l) holds. 
Remark 3.2. The proof of (13. 3p is obtained by Otelbayev' method (see [T2]). 
The following equalities are based on (I3.2l) - (l3.3p : 

J{x) = e ' dt = ^ e dt, xeR. (3.5) 



n=l 



Below to obtain estimates for terms in (13.51) we need various auxiliary 
statements. We emphasize here that all conditions of Theorem 13.11 are as- 
sumed to hold. 

Lemma 3.3. Let t G [,t, A+(a;)], x E R. Then 

qiOd^ = f qiiOd^ + >c{t) + f qi{OKOd^, (3-6) 



where 
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Proof. To check the equahty fl3.6p we use an integration by parts: 



J X J X 

J X 



. qiirr. 

Ix'^'''''^'''''^Ix;'^^^^ 

J X 

□ 

Lemma 3.4. [7J Let |x| > 1. Then 

qi{x) 

Proof. From conditions of Theorem 13. II for ^ G [x, A+(x)] we get relations: 

< < ^ < Mil < =^ 

s{x) - s{0 - qiiO ~ s{0 - s{x) 



s{x) 



f q^iOd^ < < ^ / q,{^)dt 

Jx qi{x) s{x) 



□ 

Lemma 3.5. [7] For \x\ ^ 1 the following inequality holds: 



ln(l + z/) < [ q.iOd^. (3i 

J X 
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Proof. From (13.71) we obtain: 

t 



< 

s{x) s[x 



S{X) 



A'^lx) — X 



< 



t e [x, A+(x)] = 



dt 



s[x) 



- 1 



1 + u <e 



□ 



Lemma 3.6. For |a;| ^ 1 the following inequalities hold: 



qiOd^ >^J qiiOd^, (3-9) 

^ qiOd^ >\j^ qimi - xo, te [x, A+(x)]. (3.10) 

Proof. To obtain (13.91) we use Lemma [3.3[ We note that for all |x| ^ 1 
and ^ G [x, A+(x)] the following inequalities hold: 

I (C\\ MMl (CW ^ ^0 ^ ^ 

WOI = ^WOI < ^ < 2- 



According to (13. 6p we have: 



A+{x) 



q{m > 



A+{x) 



qi{i)di-xo- 



qiim 



qi{i)di-xo, 



and by (13.81) we finally obtain 

^A+{x) 1 pA+{x) 



j q{m > 2 y 1 - (^y qi{m\ 



> 



A+(x) 



qiim 



2xo u 1 
ln(l + u) s{x) 



> 



1 



A+{x) 



qiim- 



The inequality (I3.10p is obtained in the same way. 
Lemma 3.7. Let x ^ 1 and t > x. Then 



f q{m>- f qi{m-K,. 

J X J x 



□ 



(3.11) 
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Proof. Let {l^nj^^i be segments of fl3.2l) . It is clear that there exists n > 1 
such that t G Cl^ (see O). If n = 1 then flHTTD is equivalent to flHTTUjl . If 
n > 1 then ([321), (Eil, and (ITTOl) yield 



Lemma 3.9. Let x ^ 1. T/ien 



Proof. Let a > 0. Denote 



Ji(x, a) = e ^ at. 



□ 



Corollary 3.8. Lei x > 1. T/ien 

J{x)<cJi{x), Ji{x)= / e '-"^"'cit. (3.12) 
Proof. According to (13.111) we have: 

J{x) = I e ^ at < e " j e ^ at. 

□ 



Mx) < —-. (3.13) 

qi{x) 
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The following relations are based on integration by parts: 



Ji(x, a) 



x+a 



4 \ 



dt 



< 



4 



e ^ at 



ilit) 



qi{x) qi{x + a) 



4 -\ S iiiOd^ 
e ^ + 



x+a 



sit) 



dt 



4 1 



e ^ at 



Ji(x, a) < 



qi{x) 



4 1 X / N 

gi(x) 2 
X > 1. 



By the above inequality we obtain fl3.13l) : 

JAx) = lim Ji(x,a) < 



gi(a;) 



□ 

Now, for X ^ 1 the upper estimate in (13.11) follows from (13.121) and (13.131) . 
Hence, there exists Xq ^ 1 such that for x > Xq we have: 



J{x) < 



cjxo) 
qi{x) 



(3.14) 



Let now x < —xq (see (I3.14p ). Then 



J{x) 



e ^ dt 



-Slim 



dt + 



dt. 



XQ 



W{x, -Xq) :-- 



Denote 
Then 

J(x) = W{X, -Xq) 

Notice here that 
1 



e ^ dt, X < —Xq. 



1 + 



W{x,-Xo) 



e ^ dt 

■XO 



(3.15) 



W{x, -Xo) 



°° -lime e 
e ^ dt 

-XQ 



W{x, —Xq) 



e -"0 dt. 



Xo 
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It is easy to see that by (13.141) the integral 

r-oo _ J 



converges since 



e -"0 dt 



XO 



dt := A{xo) 



e dt + e -"0 J{xo). 

-XO 



From the other side, 



■W{x,—Xo) = I e ^ dt 



e* dt > [\x\ — Xq) ^ oo as x ^ —oo. 



Therefore, there exists xi ^ xq such that for x < —xi by fl3.15p it follows 
that 

J{x) < 3W{x, -Xo), X < -xi. (3.16) 

Let us now find an estimate for W{x, —Xq), x < —Xi. Let {Cjn}n=-oo be 
segments, constructed by the following rule: 



Xn—l Xn 



X„i = —Xq. 



gi(a;„)' 



S [ Xr. 



qi[Xr, 



, n < -1, 



n < -1, 



(3.17) 



From (I3.17P the equality follows: 



[J UJn= (-00, -Xo], 



which is checked in the same way as (13. 3p . 

Below we need the analogies of lemmas we obtained before, which can be 
proved by the very same methods. 



Lemma 3.10. Lett G [A-{x),x]. Then (see 
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Lemma 3.11. [7J Let |a;| > 1. Then 

- i^h^iOd^ q^{t) ^ ,^rA-^^ i 

gi(a;) 



Lemma 3.12. [7j For |x| ^ 1 ^/ie following inequality holds: 
Lemma 3.13. For all x < — xq t/ie following inequalities hold: 



P3j "1 t*X 

Ja-{x) ^ Ja-{x) 

JA-(x) ^ Ja-(x) 



-{x) ^ JA-{x) 

Lemma 3.14. Let x < t < —Xq. Then 



4 , 

X ^ J X 

Corollary 3.15. Let x < —Xq. Then 

W{x,-Xo) < cWi{x,-Xo), Wi{x,-Xo)= I e ^^"''"'cit. (3.1^ 

J X 

Lemma 3.16. Let x < —Xq. Then 

Wi{x,-Xo) < (3.19) 
qi{x) 

By (13.161] . (13.181) and (I3.19P we obtain that for x < —Xi the following 
inequalities hold: 

24c 

J(x) < 3W(x,-xo) < 3cWi(x,-xo) < — - (3.20) 

qi{x) 

From fl37[iD and i^M) it follows that 

Jix)<—--, x^{-Xi,Xo). (3.21) 
qi{x} 
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Now consider the function (p{x) = qi{x)J{x) for x G [— a;i,Xo]. Since the 
integral J(x) converges (by our proof above), the function {p{x) is continuous 
on [— xi,xo] and therefore has on this interval a finite maximum, i.e. 

qi{x)J{x) < c < oo, X G [— Xi,a:o]. (3.22) 

Then the upper estimate of (13.11) follows directly from (I3.2ip and (I3.22p . We 
obtain now the lower estimate in (13. ip . The following base inequality holds 
for any x G -R. 

J[x) = e ^ dt > e ^ at, x G it. 



Let |x| ^ 1, t G [x, A+(x)]. The following relations follow from Lemma [3. 3t 



3 r 



J{x) > e - dt> e - e-^'^dt 



Denote 



e ^ dt. 



A+(x) _3 } 



Ji{x) = e ^ dt, X G /i. 
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Let Ixl ^ 1. Then 



JUx) = -\ 



1 



A+(a:) 



-qi{t)e - 



dt 



> 



3qi{x) 3gi(A+(x)) 
2 2 



go; _ . ' „ „ 



3gi(x) 3gi(x) gi(A+(x)) 



> 



3qi{x) 3qi{x) 



3 ~ 9 

> 

2 3gi(x) 3gi(x 



A+(2!) 

2 - / qiim ^ 2 

e ^ > 



3gi(x) 



1 



1 



+ 



> 



3gi(x) 3gi(x) 
1 



e 



ln(l+i/) 



3qi{x) 



J{x) > c-^Ji(x) > 



qi{x) 



\x\ > 1. 



(3.23) 



Thus, the inequahty fl3.23p holds for |x| > r ^ 1. 

Let ip{x) = qi{x)J{x), x G [— r, r]. The functions qi{x) and J{x) are both 
positive for x G -R and continuous. Therefore tf{x) has on [— r, r] a positive 
minimum ipQ. Hence, 



qi{x)J{x) = ip{x) >ipo, X e [-r,T] 



qi{x] 



■, X E [-r,rj 



(3.24) 



The lower estimate in (13. ip follows from 03.230 and (13.240 . Theorem 13.11 is 
proved. □ 



3.2 The asymptotic formula for calculation of one class 
of definite integrals 

In this section we continue to study the integral 



J{x) 



e ^ at, X E R, 
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with non-negative locally integrated function q. Our goal here is to make in- 
equalities fl3.1l) more accurate. The main result of this section is the following 
Theorem 13.171 

Theorem 3.17. Let condition { \1.2\i for q hold. Suppose that there exist an 
absolutely continuous function qi{x) > and a function q2 G V'"'^[R) such 
that 

q{x) = qi{x) + q2{x), x e R. 

Let there exist a continuous and positive for all x function s{x) such that the 
following conditions hold: 

a) 

s{x) — >• oo as \x\ —>■ oo, 



b) 



c) 



s{x) ~ ql{x) 



> 



for all \x\ ^ 1, 



lim 



s{x) 



0, 



|a;|^oo Xqi[X) 

d) for some v oo) the inequalities hold: 

- < <i^, A{x), \x\ > 1, 
u s{x) 

where 

A{x) = [A'{x), A+(x 



six) S[X) 
X —, X + 



qi^x) 



x(x) as \x\ oo, 



qi{x) 



where 



>i{x) = sup X E R, 



K{t) = q,{t) 



t^,d^, teAix). 

Jx QiiO 



Then 



J{x) 



e ^ at = -— - 



X E R, 



qi[x) 



lim e{x) = 0. (3.25) 



Below for the proof of Theorem 13 . 1 71 we need various auxiliary statements. 
We emphasize that all conditions of Theorem 13.171 are assumed to hold. 
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Proof. Denote the integral J{x) and the function fi{x) 
J(x) = e ^ at, X G ii, 



fi{x)= sup fi{t) = -^^{t), te[x,A+{x)]. 

te[x,A+(x)] Q'llrj 

Lemma 3.18. Let \x\ > 1, t G [x, A+(x)]. Then 



>/ a; ./a; J x 

(3.26) 

Proof. Let t G [x, A+(x)]. Then (see (M ) 

J X J X J X 

From this equahty we obtain (I3.26P directly: 

J X J X J X 

= qii^d^- >({x), 

J X 

[ qiOd^ < [ qi{Od^ + Hx)+i^{x) [ qiiOd^ 

J X J X J X 



(l + /i(x)) / qi{i)di + k{x). 



Corollary 3.19. Let |x| > 1. Then 



J[x) > (1 — CK{x)) e ^ at, 

J X 

J(x) < (1 + cx(x)) e ^ dt. 



□ 



(3.27) 
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Proof. Since A+(a;) —>■ ±00 as x ^ ±00 (see condition c)), we have 
>c{x) — * 0, fi{x) as \x\ 00. Then 

Therefore, for ^ 1 and t E [x, A+(x)] we obtain: 



-/am 



< e 



> e 



< (1 + ck{x))e 



> (1 — cx(a;))e 



The above inequahties easily imply relations in fl3.27p . for example 



J{x) 



A+{x) 



dt<{l + ck{x)) 



A+{x) 



The second inequality in fl3.27l) is obtained in the same way. 
Lemma 3.20. Fix a > 0. Then for |a;| ^ 1 the equality holds: 



JJx] 



aqi{x) 



1 + 



1 



s{x) 



where 



A+{x) 



Ja{x) = e i dt, X G -R. 

J X 

Proof. Below we use Lemmas 13.41 and 13.51 

Ja{x) = e ^ dt 

J X 



-qi{t)e 



dt 



< 



Qiix) qiit) 
— - / qi{t)e - dt 



1 



1 



^-agi(x) 



A+{x) 



1 -e 



A+(a;) 



< 



aqi{x) 



s(x)/J ' 



dt. 



□ 



(3.28) 
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likewise, 



JJx) 



dt 



1 /-^^(^^gilx) 

gi(t)e ^ dt 



qi{x 



> 



1 /"^^^"^ . 

gi(t)e ^ dt 



> 



-1 1 



1 1 



A+{a;) 



1 - e 



A+(x) 



(1 + ^) 



1+^ 



Note here that 



(1 + uy+— > (1 + u)— > 1 + z/ — — = 1 + > as(x) 



1/ 



and therefore, 



1 1 



1 + 



The above inequahties yield (13.281) . 
Corollary 3.21. Let |x| > 1. Then 



Six 



aqi{x) 



1 + 



s[x] 



J{x) 



6 Git' — . > I 

qi{x} 



where 



\6{x)\<c 



six) 



+ 



□ 



Proof. The corollary follows from (13.271) . (I3.28P and obvious estimates 
/i(x)= sup |Mt)|= sup l^|x(t)|< sup -^<-A-^ 

ie[x,A+(x)] 4G[x,A+(x)] ?l(rj t6[a;,A+(a;)] S[t) S[X) 
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□ 

Now we can finish a proof of fl3.25l) . Below we use Tlieorem 13.11 Corol- 
lary [3l2Tl and Lemmas 13.41 and 13. 5t 



J{x) 



at = e ^ at + e ^ at 

X Jx Ja+(x) 

A+(x) 

J{x)+e ' J(A+(x)) 

A+(x) 

1 + e ' J{A+{x))J-\x) := J{x)[l + r]{x)]. 



J{x) 



But by Lemma [3.181 we have: 

\r]{x)\ < e 



qi[x) 



gi(A+(x)) 

k{x)-{l~fl{x)) J qi{Od( a,(r) 

< ce _jiy±L 



qiiA+ix)) 



< c e 



gi(A+(x)) 



< c e '^'"'^ ■ e ^'""^ = c ^^■''^ 

< ce < c 6-4^7^ ^''(^+'^) < 



Six) 



and, finally, 



J(x) = J(x) 1 + 



s(a;) 



□ 



3.3 The Theorem on asymptotic majorant 

In this section we prove Theorem II. 121 (see §1.3p . For convenience we remind 
below its statement. 

Theorem 11.121 Let condition f 1 1.2 1) for q hold. Suppose that there exist 
an absolutely continuous function qi{x) > and a function q2 G L^{"^{R) such 
that 

q{x) = qi{x) + q2{x), x e R. 

Let there exist a continuous and positive for all x function s{x) such that the 
following conditions hold: 
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a) 
b) 

c) 



s{x) — > oo as \x\ — > oo, 
1 ^ \q[{x) 



> „ . for all \x\ ^ 1, 



s{x) ql{x) 



lim ^ = 0, 



\x\^oo xqi{x) 
d) for some v e [1, oo) the inequalities hold: 



1 sit) w X , , 

- < -T^ te A(x), \x\ » 1, 

u s{x) 



where 

A{x) = A-{x), A+{x) 



s{x) ^ s{x) 



qi{x)' qi{x) 



e) 



where 



k{x) ^0 as \x\ — > oo, 



k{x) = sup X & R, 



(3.29) 



(3.30) 



(3.31) 



, X e R, 



(3.32) 



^{t) ^ q,{t) 1^ ^^dC, teA{x). 

Then for p e [l,oo] an asymptotic majorant >Cp{x) for solutions y & Dp 

Dp^{y : -y'ix) + q{x)y{x) = f{x), y G Lp{R), \\f\\p = 1 } 
is of the form: 



1, 

1 1 



Xp{x) = < 



{p'y/p' qi{xy/p" 
1 



qi{x) 



p— I, X E R, 

pe (l,oo), p' = \x\ > 1, 

p — oo, |x| ^ 1. 



(3.33) 
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Proof of Theorem 11.121 Fix x G -R. Then a value of solution y G Dp in 
the point x is of the form (see (I1.12p - fll.l3l) ): 



yix)"^ {Gf){x) 



G{x,t)f{t)dt, xeR, 



where 



G{x,t) 



0, t < X, X E R, 

exp ( - / qiOdU, t>x, x e R 



(3.34) 



(3.35) 



It is clear that the formula fl3.34p - fl3.35l) represents a linear functional G, de- 
fined on Lp{R). By general properties of linear functional, defined on Lp{R) 
(see [ni ch.V, §2.2-2.3, ch.VI. §2)], we obtain: 



ess sup G{x, t), 
teR 



\\G{x)\\ 



sup \y[x) 



p=l, 



i/p' 



Gix,trdt] , pG(l,oo), p' = ^. 



G{x, t)dt, 



P = CO. 



ess sup e ^ 

t>x 

e 



p = l, 



[[e-''^''''''dt) \ pG(l,oo),p' = ^, (3.36) 



°° -Slim , 

e ^ dt, 



p = oo. 



It is clear that for |a;| ^ 1 by Theorem 13 . 1 71 we obtain from (13.360 that 



p = 1 



\\Gix)\\ = (l + e(x)).< 



where lim e{x) = 0. 



(p'y/p' gi(x)l/P' 
1 



Yj^, pe (l,oo) 
p = oo 



(3.37) 



Now a statement of Theorem 11.121 follows from definition of asymptotic ma- 
jorant Xp(x), relations fl3.36p - fl3.37p . and definition of supremum. 

□ 
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3.4 Example 



Example 3.22. Let 



q{x) = e^^ + e^^ cose^^ x e R. 



(3.38) 



Let >Cp{x) he an asymptotic majorant of solutions for equation (11.11) . Then 



Xp(x) 



p = 1, X E R, 

p G (1, oo), |x| > 1, 

p = oo, ^ 1. 



(3.39) 



Proof. Let us show that if 



qi[x) 



Q2[x) = e cose 



X E R, 



and 



six) 



8VT 



X E R, 



x^ 



(3.40) 



(3.41) 



then all conditions of Theorem 11.121 hold and therefore (13.391) follows from it 
directly. We have to check only relations (Km . (13301) . (Km . and Km . By 
choosing (I3.40l) - (l3.4ip all other conditions of Theorem 11.121 obviously hold. 
We have: 



lim 



six) 



lim 



1 



l^l^oo xqi{x) \x\^oo 8x^/1 + x^ 
Now, since 1 + > 2a, 







1 _ 8Vl + x^ ^ 2\x\ 



IgiWI 

s[x) qi(yX) 
Let us obtain ( 13.311) . We first calculate A(x): 



A(x) 



six] 



X — 



X + 



s(x) 



X 



X + 



8Vi + x2' 8v/r+ 



qi{x} qi{x 

Let t G [x, A+(x)]. Then according to Lagrange' formula we obtain: 
s{t) = s{x) + s{Cl{i- x), X e R, 



x^ 



where ^ is between t and x. 
Let 

M(a;) = max mix) 

te[x,A+(a;)] S{X) 



. s{t) 
mm . 

t£[x,A+ix)] S{X) 
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Next, 



\s'{x)\ 



2x 



X 



Six] 



1 +X2 



\x\ 



1 + 



Therefore 

M{x] 



max 

tG[x-,A+(x) 



l + '-^{t-x) 
Six) 



< 1 + max: 



<2|a;|, xeR. 



< 1 + 



M{x) 



M{x) 



max 2|^| < 1 + 



M{x) 

4Vl + x2 V'^' ' 8^1 + 



X + 



4 y^/T+l^ 8(1 + 



< 1 + ^^(1 + -) = 1 + —M(x) 
- 4 V 8/ 32 ^ ^ 
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M(x) < — , X e R. 
^ ^ - 23' 

Now we use ( I3.42p to obtain an estimate for m{x): 



(3.42) 



mix) = mm 

tG[x,A+(x)] 



l+'-^{t-x) 
Six) 



> min 

te[x,A+(x) 



> 1 - 



Mix) ^ , 8 

— ^ ^ max 2 f > 1 

8\/l + ielxA+ix)] 23 



s(0 s(x)' 
|x| 1 

+ 



yiT^ 8(l + a;2) 



1\ 14 1 

> 



23 V 8V 23 2 

^ < m{x) < < M{x) < 2, t G [x, A+(x)], x e R. 

For t G [A^(x), x] the proof of f l3.3ip goes along the same hnes. Finally, 

- < mix) < 44 < Mix) < 2, t G A(x), X G i?. 
2 six) 



It remained to check f l3.32p . Let t G [x, A+(x)]. We have: 

x(t) =gi(t)£|||rfe = e*'£cose«'c/e, t G [x,A+(x)]. 
From (I3.43P it follows that 

K{t) = 2te*' f cose^'d^ + e*' cose*', t G [x, A+(x)]. 

J X 



(3.43) 



(3.44) 
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Hence, according to fl3.43p - fl3.44p . the function x(t) is a solution of Cauchy' 
problem: 



x'(t) = 2tx{t) +e* cose* , t G [x, A+(x)], 
Mx) = 0. 



(3.45) 



Relations in fl3.45p yield 

x(t) = f 2iH{i)di+ I e^\ose^^d^, te[x,A+{x)]. (3.46) 

J X J X 

Let $(x) = max |x(t)|- Since $(x) = |x(a;o)| for some Xq G [x, A+(x)], 

te[a:,A+(a:)] 

by (13.461) we obtain: 



$(a;) < max 

ie[x',A+(x)] 



< 2$(x) max 

t&[x,A+{x)] 



+ max 

te[x',A+(xO] 









+ max 


J X 


te[2:,A+(x)] 



$(a:) max — max 

iG[x',A+(x')] te[2,',A+(x) 



/ e^^cose^^c/^ 
J e^^cose^^d^ 



But for t G [x, A+(x)] we have: 



-x^l = \t-x\\t + x\ < 



8VT+ 



2\x\ + 



x^ 



\x\ 1 

< — — — + 



1 

< - 



AVTT^ 64(1 + x2)-2 



$(a;) < -$(x) + max 

2 tg[x,A+(x) 



$(a;) < 2 max 

ig[z,A+(z) 



y e^^cose^^c?^ 
/ e^^cose^^d^ 

J X 



(3.47) 



Now we find an estimate for integral in (13.471) for |x| ^ 1: 



max 

te[a;,A+(x) 



j e^^cose^^d^ 



max 

te[x,A+(x) 



d sin e^^ 



< max 

tG[a;,A+(x)] 



sm 



2e 



H — max 

2 tg[x,A+(x) 



2^ 



sin e^^(i^ 
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,1 1 \ c 
< max — + - — - < - — -. 

tG[x,A+(x)] \ \t\ \x\J \x\ 

Finally, < -j^ for |a;| ^ 1 =^ x(x) ^ as |a;| —>■ oo. The proof of 
fl3.32p for t G [A^, x] is analogous. 

Now it remained to apply Theorem 11.121 and finish a proof. □ 



4 Solution of Problem C 

4.1 Proof of main result for the problem C 

In this section we prove Theorem 11.141 (see §1.41) . We remind here that Dp is 
the set of solutions y G Lp{R) of correctly solvable in Lp{R) equation fll.ip 
with right side / which belongs to the unit sphere Sp = { f E Lp : \\f\\p = 1 }: 

Dp={y: -y'{x) + q{x)y{x) = f{x), y G Lp{R), \\f\\p = 1 } 

According to the proof of Theorem 11.121 from §3.31 the following equality 
holds: 



Gp{x) := sup \y{x) \ = < 



r 1 , ^ p=i, 

e ^ dt \ , P e (1, oo), 



X 



(4.1) 



oo 



e ^ dt , p = oo. 



Now, our goal is a proof of Theorem 11.141 For convenience we give below its 
statement: 

Theorem 11.141 Let there exist a > 1 and (3 > such that for all \x\ ^ 1 

the inequality holds: 

where d{x) is defined in (11.71) . 

Then for p G (1, oo] there exist c, c{p) G (0, oo) such that for all x E R the 
inequalities hold: 

C~^d{xy/P' < Gp{x) < c{p)d{xy/P' (4.3) 
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Proof. We remind here the following two facts: 
1) 

do < oo, do = sup d{x) 



(4.4) 



Inequality f l4.4p follows from correct solvability of equation (11.11) in 
space Lp{R), p E [l,oo] (see 

2) The function d{x) is positive and continuous for all x G -R. 

From 2) it follows that inequality (14. 2 p holds for all x G -R with substitution, 
possibly, of number a > 1 for the larger a. Finally, the following inequality 
holds: 

1 . d{t) 



- < 



< a, \t — x\ < P , X E R. 



a d{x) 

(For the new larger a we use the same symbol.) 

Next, it is easy to see that from (14. 4p and (14. 5 p it follows that 



(4.5) 



1 d(t) 
7 d{x) 



\t — x\ < d, 



0) 



X G -R, 



(4.6) 



where 7(> a > 1) is an absolute constant. 

Let us now obtain the lower estimate in (14.30 . Let x G i? and 



d{xy/p'- 

0, 



t G [x, X + d{x)], 
t ^ [x, X + d{x)]. 



Then \\fx\\p = 1- Let i/x be the solution of equation ()l.ip {y^ G Lp{R)) with 
the right side fx- Then 



Gp{x) > \yx{x)\ = 

(•x-i-d{x) 



d{xy/p 



fx(t)e - dt 



e ^ dt 



> 



f rx+d{x) 



d{xy/p 



dt 



x-\-d(x) 

> d{x)-^'P e d{x) = e-^d{xf'P'. (4.7) 

We note that in order to obtain the lower estimate in (14. 3 p we did not 
use any properties of q except (ll.2p and a requirement that fulfills a correct 
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solvability of equation fll.ip in space Lp{R), p E [1, oo]. The condition fl4.2p 
and the following from it condition (14.61) are used to obtain the upper estimate 
in (14.31) . Consider the integral: 



We need the following definition: 

Definition 4.1. We say that segments {An}'^=i constitute R{x)-covering of 
half-axis [x, oo) if they fulfill the following requirements: 



1) A„ = [xn-d{xn),Xn+d{xn)\ ■= x„+rf„] := [A„ , A+] , n > 1, 

2) ^n+i = K, n> 1, 

3) = X, 

4) [J A„ = [x, oo). 



n>l 

Lemma 4.2. Let do < oo. Then for all x E R there exists R{x)-covering of 
half- axis [x, oo). 

For the proof of the above lemma see [9]. 

Lemma 4.3. Let condition (14.21) hold. Then 




dt, X E R, s E (0, oo) 



Js{x) < cJ:{x) 



X E R. 



where 




and 7 is defined in (14. 6p . 



Proof. 




oo 



oo 



d:, 



•n 



oo 



oo 




(4.8) 



ra=l 



n=l 
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By ( 14. 61) we obtain 



n n ^ „ n 



> 



1 " 



1 



7 ^ 7 J A- d{^) ' 

and by (14.91) we continue to obtain the estimate in (14. 8p : 



Js(a;) < 2e^ Yl ^"e"'" ^ ^ = E / 

— 1 ^ — 1 — 1 ^ An 



71=1 n=l n=l 

t 



d5 A, 

2 



_ > J d(o _^ r 4e_ OO „ ^ 



t 

/•OO _ s. r 
2 / „ ^ i ^^j- 2 T*/ 



foo _± r df 

/ e "^^Mt = eV:(x). 



Lemma 4.4. Let condition (14.21) hold. Then 



fx+do _± f dg 

J:<c I e ~'^'^'^dt, xeR. 
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Proof. 



j: 



POO 
J X 

fx+do 



_s_ r 



/•x+2do _3_ r 



' x+do 



rx+{n+l)do * 

7 3(0 



' x+ndo 



e ~i'^dt + 



rx+do 



7 J d{C) 

e ^ 



dt 



/•x+(n+l)<io 



/•x+do _ s. r dC 
7 J d{0 



r de \ -1 



n=l J x+ndo 



px+do _± f dg 



7 



+ E 



f de 

J di 



:«7 



— a; + do 

— J- ^ 7 J d{0 



e " i '''' ■ dn 



oo 



1 + 

n=l 



^a; + ndo a; + do \ ' 

f dg r dg 1 

J d{0 J d{0 I 

k a; x / 



rx+do 



_s_ r dg 



3: + ndQ 
OO _j1 f dg 

2 + e "+''0 

n=2 



(4.11) 



But from (14.61) and definition of do it follows that 

px+ndo 



d^ 



fX+2do 



fX+3do j-x+ndo 



X+do diO Jx +2do d{0 



+ . . . + 



H(n-l)do d(,0 



CX+2do 



+ 



d{x + do) d^ 
d{0 d{x + do) 
^x+ndo d{x + {n-l)dQ) di 



(4.12) 



1 

> - 

7 



x+(n—l)do 

do 



d{x + do) ~^ d{x + 2do) ~^ ' ' ' ~^ (i[x + (n - l)do) 



d{0 d{x + {n- l)do) 

c^o _|_ _|_ do 



> 



in -I) 



7 



Now fl4TTD and fl4J2D yield: 



J! < 



x+do 



s_ f dg 



2 + E 



e T 



n=2 



c / e 

' x 



± r dg 

7 d(5) 



□ 
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Lemma 4.5. Let 



hold. Then 

Js{x) < c{s)d{x), X & R. 



Proof. From fl4Tnll and (BSD it follows that 



x+do 

J:(x) < c I e 

c 

fx+do 



1. f '^i 



x+do 



< C 



_s_r d{x) 



C7 



e ^''Wrft<c / e ^^^dt = --d{x) 



Now we can easily obtain the upper estimate in (14. 3p : 

-p' f <?(€)rf(?) 

G/{x)= e ' cit = Jpix) < cj;,{x) < cd{x). 



□ 



□ 



(4.13) 



4.2 Example 

Example 4.6. Consider the equation (II. ip wt/i coefficient 

g(x) = el""! + el""! cose^l^l, x G -R. 
We need the following Lemma 14. 7t 

Lemma 4.7. |i9j Let condition (\1.2\\ for q hold. Suppose that there exist a 
continuous function qi{x) > and a function q2 G L^{"^{R) such that 

q{x) = qi{x) + q2{x), x E R, 

and, besides, 

ai{x) — > 0, a2(x) 0, \x\ oo, 

where 



(4.14) 



cri(x) = sup 

\z\<2/qi{x) 



[qi {x + t) - 2qi (x) + gi (x - t)] dt 



(72 (Xj = sup 

|2|<2/gi(x) 



x+z 



Then 



qi{x)d{x) = 1 + e{x), \£{x)\ < c[ai{x) + a2{x)'\, x ^ 1, 
< qi{x)d{x) < a, x E R. 
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To apply Lemma HTTI to (14.131) set 

qi{x) = el'^'l, q2{x) = e'^' cose^'^', x e R. 

Since q{x), qi{x), q2{x) are even, we consider only the case x > 0. Let us find 
estimates for ai{x) and (72 (x) (a; 1): 



ai{x) 



sup 

\z\<2e-^ 



Jo 



e sup 

\z\<2e- 

sup 

\z\<2e- 







(e* - 2 + e-*) rft 



+ ^ + . . . 



< ce^ sup / t (it = — ; 

\z\<2e-'^ Jo 6 ^ 

To find an estimate for cr2 we use the second mean value theorem for inte- 
gration: 

rx+z 

e* cos e^*rft 

' x—z 

fX + Z 

. 2? 



a2[x 



sup 

lz\<2e- 



sup 

lz\<2e~ 



26^* cose^* 



dt 



1 

< c sup — 



2e2* cos e^^dt 



c 



|<2e-^ e 

Therefore, since (I4.14p holds, by Lemma [4.71 we obtain: 

a x = n — , < -tt, x ^ 1. 



(4.15) 



From (I4.15P it directly follows that d^ < 00 and inequalities (14. 2 p hold. 
Then the equation (II. ip is correctly solvable in space Lp{R),p G [I, 00] and 
inequalities (14. 3 p are of the form: 



'\<G,ix)< ' 



\x\/p' ■ 



p e (1,00] 



5 Solution of Problem D 



5.1 Proof of main result for the problem of e-strip 

In this section we prove Theorem II. 161 (see §1.5p . For convenience we remind 
below its statement. 
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Theorem 11.161 For p = 1 the solutions of equation fll.ip do not tend 
in whole to zero as \x\ oo. For p G (l,C)o] the solutions of equation f ll.ip 
tend in whole to zero as \x\ ^ oo if and only if one of the following two 
equivalent conditions hold: 

lim / q{t) dt = oo, for all aG(0, oo), (5.1) 

lim d{x) = 0. (5.2) 



Proof of Theorem I1.16L We need the following lemma. 
Lemma 5.1. The conditions ( 15.10 and fl5.2p are equivalent. 

Proof. Let condition 05.10 hold. Assume the contrary: d{x) 0, |a;| oo. 
Then there exist £ > and a sequence {xn}'^=i such that 

1) \Xn\ OO, n ^ OO 

2) dixn) >£, n = 1,2,... 

By 1) and 2) we obtain (see (15.10 ): 

l'Xn+d{Xn) rxn+e 

2 = / q{t)dt > / q{t)dt — >• oo, tt. — *• oo, 

J Xn—d(Xn) Jxn—S 

contradiction, and therefore (15. 2p holds. 

Now assume that (15.20 holds. Fix a > and consider a segment [x — a,x + a] 
as |x| oo. Let {A„}^^ be a R{x — a)-covering of [x — a, oo). Since (x — a) 
and (x + a) tend to ±oo as x — ±oo, the lengths of A„(n = 1, 2, ... , Nq) 
included in [x — a,x + a] tend to zero and therefore A^^o ^ oo as |x| — ^ oo. 
Consequently, 

fx+a No n No 



/ qit)dt >^ q{t)dt = 2 = 2iVo ^ oo. 



□ 



Lemma 5.2. Let p & [I7O0] and 



Gp{x) = sup |?/(x)|, X G -R. 

r/ien i/ie solutions of equation (II. ip tend m if/io/e to ^ero as |x| 00 z/ and 
on/y if 

lim G'p(x) = 0. (5.3) 

|a;|— »cxD 
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Proof. Necessity. Assume that solutions of equation (11.11) tend in whole 
to zero as oo. Then for any e > there exists Xq^e) 3> 1 such that 

\y{x)\ <£, ye Dp, \x\ > xo{e). 

At the same time for |a;| > xo{e) we have 

G.p{x) = sup \y{x)\ < e =^ (15.31) 

yeDp 

Sufficiency. If condition (15. 3p holds then for any 5 > there exists xq^e) ^ 1 
such that 

Gp{x) < E, \x\ > Xo{e). 
But then for any y G Dp we have 

y{x) < sup \y{x) \ = Gp{x) < E, \x\ > xo{e). 

□ 

Corollary 5.3. Let p = 1. Then the solutions y e Di do not tend in whole 
to zero as \x\ oo. 

Proof. According to (14. ip 

^1(0;) = 1, xeR. 
By Lemma 15.21 we obtain the statement of Corollary 15.31 □ 

Proof of theorem 11.161 Necessity. Let p G (1, 00] and assume that solu- 
tions of equation (11.11) tend in whole to zero as |x| 00. According to (14. 7p 
(see mi) we have 

Gp{x) > e-^d{xf'P'. 

Then because of (15. 3p the condition (15. 2p holds and therefore (by Lemma 
15.11) the condition (15. ip also holds. 



Proof of theorem 11.161 Sufficiency. Let (15. 2p hold. Let us show that 
(15. 3p also holds and prove our statement. We have (see 14. ip for {A„}^]^ - 
i?(a;)-covering of half-axis [x, 00): 
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We note that 

"A~ „ n-1 



/ q{Od^ = E / = ^2 = 2(^-1), ^>2 

•^^1 k=i -^^k k=i 

=^ [ \{0d^ > 2(n-l), n>l, 



and therefore, 



oo „ -p' f qiOd^ ^ 2d ^ d 

^ I ^ - ^ g2{n-l)p' ^ "^X] 72^- 

71=1"^^" n=l n=l 

Denote 

n=l 

We consider cases x ^ +oo and x — — oo separately. 

Let X +00. Since d{x) — >• as —>■ oo, for any e > there exists Xo{s) 
such that 

sup d{x) < e. 

x>xo{e) 

Then for x > Xo{e) we obtain: 

oo ^ °° £ oo 

n=l n=l n=l 

=^ hm = 0. 



Let a; — > — oo. Fix £ > and find N{e) such that 

°° d oo ^ 

^ g2np' — ^0 ^ g2np' 
n=Ar(£)+l n=Ar(£)+l 

_ dp 1 _ c(p)c?o ^ £ 

~ g2(Ar(£)+l)p' g2fcp' ~ Q2N{e)p' — 2' 

k=0 

It is clear that for the above inequality to hold we have to choose N{e) such 

that (do = supd{x)) 
xeR 

2c(p)do_ 

^ ' - 2p' e 
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Enlarge, if needed, Xq{6) so that 



d{x) < 



\x\ > xo{e). 



Hence, 



d{x) < 



4:N{e) 



AN{e) 

for |x| > xoie) + 2N{e)do. 



Segments A„, n = 1, . . . ,N{e) are included, obviously, in segment [x,x + 
2N{e)do] and therefore (a;„ is the center of A„, x < 0): 

\xn\ >\x + 2N{e)do\ > \x\ - 2N{e)do > xo{e). 

Thus, for I a; I > Xo{e) + 2N{e)dQ the inequality holds: 



d{xn) < 



AN{e) 



n=l,2,...,N{e). 



Then we have: 



oo , N{s) oo , N{e) 



e 3 



n=l 



' 1 n=l ^ ^ 



n=l 



lim S'(x) = 

|a;|— >oo 



lim Gp{x) = 0. 

\x\—*oo 



We now apply Lemma [5.21 to complete the proof. 



□ 



Corollary 5.4. Let condition (11. 2p /or g /ioW. Suppose that there exist a 
continuous function qi{x) > and a function q2 G V°^{R) such that 



and, besides, 
where 



q{x) = qi{x) +q2{x), x G R, 
cri(x) — s> 0, (r2{x) — > 0, |x| — > oo. 



(Ti^Xj = sup 

\z\<2/q^{x) 



[qi {x + t) - 2qi (x) + qi{x - t)] dt 



o'2{x) = sup 

\z\<2/q^ix) 



x+z 



q2{t)dt 



If at the same time qi{x) oo as |x| oo then the solutions of equation 
f 1 1.1 1) tend in whole to zero as \x\ — >• oo. 
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Proof. The statement follows from Lemma [4.71 and Theorem II. 161 □ 
5.2 Examples 

Example 5.5. Consider the equation (11. ip with coefficient 

= el""! + el""! cose^l^l, x e R. (5.4) 
As shown above (see (I4.15P ). the following equality holds: 

d{x) = ^— '-^f^, lim e{x) = 0, 

i.e. d{x) — * as |a;| —>■ oo. Then by Theorem 11.161 the solutions y G Dp of 
equation (11.11) in this case tend to zero in whole as |x| oo. 

Example 5.6. The equation (11.11) with coefficient 

q{x) = 1 + cos(x), X E R, 
has solutions that do not tend in whole to zero as \x\ —>■ oo. 

Proof. Indeed, let 

Xk = {2k + 1)'K, k = l,2,... =^ 



' q{t)dt = TT + / ' cos{t)dt = TT + sin(t) r*;^! = vr - 2 < 2 



TT 

=^ d{xk) > -, /c = 1,2, . . . 
=^ d{x) 0, |x| — > oo. 

By Theorem 11.161 we obtain our statement. □ 



6 Solution of Problem E 

6.1 Proof of main result for the problem E 

In this section we prove Theorem II. 191 (see §1.6p . For convenience we remind 
below its statement. 

Theorem 11.191 Let condition (ll.2p hold. Then for fixed p G [l,oo] the 
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operator L ^ : Lp{R) — > Lp{R) is compact if and only if one of the following 
two equivalent conditions hold: 

px+a 

lim / q{t) dt = oo, for all aG(0, oo), (6.1) 

M^oo Jx-a 

lim d{x) = 0. (6.2) 



Proof of Theorem I1.19L We remind that 



px+a 

dix) = inf {d: / qit)dt = 2 L 
'^>o I- Jx-d J 



and do = supd{x). It is clear that do < oo. Let {An}'^=i be segments of 



x&R 



i?(x)-covering of half- axis [x,oo),x G R. Let A G (0, oo). Denote 
hyx) = / e ^ dt, X G R, 

J X 

hyx) = e * dt, X G R. 

J — oo 

Lemma 6.1. For A G (0, oo) the following equalities hold: 

sup/i(x) = — -, (5i(A)>0, 
xeR A + di{A) 

suphix) = 52(A) >0. 

x^R A + d2[\) 



(6.3) 



Proof. Let us check the first equality in (16.31) (the second equality is proved 
in the same way). It is clear that (see conditions for correct solvability of 
equation (ILII) ): 

1 = / (g(t) + A)e - dt, X e R. 

J X 

Then 

1 = / [lyt) + Aje ^ dt = aIi[x) + / q{t)e ^ dt. 

J X J X 
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Now we find an upper estimate for tfie second term: 



A+ A+ 

on ^ no ^ 

>^ / qit)e ^ dt = Y,e ^ ■ q{t)dt- 

n=l "^^1 n=l 



We note liere tliat 

g(t)cit = / q{t)dt = 2 = — dt = — dt, 

'An Jxn-dn J x„-d„ "n J A„ 



and tlien 



e ^ dt 



A+ A+ 

2_^e - ■ q{t)dt = 2_^2e - 

n=l n=l 

A+ A+ 

dn Ja ~ do^ J 

1 -A f -hiio+m - /"('/«)+A)d? 

= — y e ^ -e* at 

f ~/{9(0+A)<ie 

^ dt ■ e 

-/(g(«)+A)<i« , \ - / '?(«)'^« 
e ^ at e ■ e 



> — > / dt ■ e 

4 /a. 



C^O T \ J A 

^ n=l ^ 



2Ad„ 



^0 n=l 



at = ; hix) 



do Jx do 

/ -2-2Ado\ 
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Lemma 6.2. For p G [l,C)o] the inequality holds: 

1 



where Ef = f for any f G Lp{R). 
Proof. Let p E {1, oo). Since 



A + 5(A) 



, 5(A) > 0, 



(6 



e - f{t)dt, X e R, 



by Holder inequality, Lemma 16.11 and Fubini theorem we obtain: 



\\{L + XE)-'frp 



f{t)dt 



dx 



< 



'/('/(f)+A)rf? 



\fit)\dt 



dx 



oo 



-^/{9(C)+AK -i/(g(0+AK 
e ^ . g I 



< 



< sup 



CO 



e ^ at 

oo 

e ^ at 



p/p' 



\f{t)\dt 



dx 



dx 



X 



p/p' 



°o / /-oo _J(<;(5)+A)d5 



(A + (5i(A))p/p' 
1 



oo \ •/ X 

e ^ 

oo \ ^ z 

t 



oo 



< 



(A + (5i(A))p/p' 
1 



, Mr,, I * -/('/«)+A)d« , \ , 

\fit)\P{ I e - dx ]dt 



oo \ J — oo / 

7 sup ( / e - dx ] ■ \f{t)\Pdt 



{X + 6i{X))p/p' (A + 52(A)) 



\\{L + XE)-'fl< 

(EH) 



(A + 5i(A))W (A + 52(A))i/P 
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Let p = 1 or p = oo. Then (see [121 ch.V, §2, 4-5]) 

||(L + A^) = sup / e - dx 

t^R J —oo 

II /r xm-lll r -hliO+^)di^ 

||(L + A^) \\ciR)~^c(B) = sup / e - dt 

xeR Jx 

In these cases (16. 4 p follows immediately from Lemma 16. 1[ □ 
Lemma 6.3. For A G (0, oo) the operator equality holds: 

= {L + \E)-\E + Sx)-\ 

where 

Sx : Lp{R) Lp{R), ||S'a||p^p < 1. 

Proof. Let / G Lp{R) and 

Ly = f, ye Lp{R). 

Then 

(L + XE)y = f + Xy. 
Therefore, f + Xy E Lp{R) (since y G Lp{R)), 

=^ y={L + XE)-'f + X{L + XE)-'y, 
=^ y-X{L + XE)-'y = {L + AE)" V, 
=^ [E- A(L + XE)-^]y = (L + XE)-'f. 

Denote 

Sx = -X{L + XE)-\ A>0. 

By (16.41) we have: 

WSxWp^p = x\\{L + XEy'Wp^p < ^-^^ < 1. 

Hence, 

{E + Sx)y = {L + XE)-'f, 

and II^aIIp^p < 1. Therefore, the operator {E + Sx)~^ exists and is bounded 
(see [H]). Thus we obtain that for all / G Lp{R), p G [l,C)o] the following 
relations hold: 

y=iE + Sx)-HL + XE)-^f, 

y = L-'f. 
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=^ L-'f = {E + S,r\L + XEr'f, WfeL,{R), 

^ = iE + Sxy\L + \E)-\ (6.5) 

oo 

Since {E + Sx)'^ = E (-'^a)", = -A(L + XE)-\ the operators and 

n=0 

(L + XE)^^ are invertible. And we obtain 

= {E + Sx)-\L + XE)-^ = {L + XE)-\E + SxY^ (6.6) 

□ 

Let us now refer to the proof of Theorem I1.19[ 

Proof of Theorem 11.191 Necessity. Let A = 1 and let operator : 
Lp{R) — > Lp{R) be compact. From (16.61) it foUows that 

(L + XE)-' = L-\E + Sx) 

Since {E + Sx) is bounded, (L + XE)^^ : Lp{R) Lp{R) is compact. Then 
by Theorem 11.171 condition (16. ip holds. 



Proof of Theorem 11.191 Sufficiency. Let (16.11) hold. Then by Theorem 
11.171 the operator {L + XE)~^ is compact. From (16. 6p it follows that 

= {L + XEy\E + Sx)-\ 

Since {E + Sx)^^ is bounded, by Theorem 11.171 we obtain that operator 

is compact. □ 
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